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A Bad Transition

@ a,b—>C
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Empty stack
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) HALT

The automaton Halts in state (1
and Rejects the input string

10



1

u’rl

A Bad Transition

@ a,/1—>c

d

Empty stack

L ]

47

) HALT

The automaton Halts in state (1
and Rejects the input string
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No transition is allowed to be followed
When the stack is empty
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Non-Determinism

, b—>cC
/'

@i, b—)C

a,bXA A —transition

These are allowed transitions in a
Non-deterministic PDA (NPDA)
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NPDA: Non-Deterministic PDA

Example:

a, 1l—a bha—> A

ﬂ,l—)ﬁ@bﬁ—)lgl,$—>$




Execution Example: Time O

Input
aj/aj/al|b|bl|b
| 81
Stack
current a, 1l—a bha—> A

state
*<:E»)L,l>2§§é;2b,a:»2K§%;;)L359334‘!”



Time 1

Input

Stack







IHPUT a «——
a aj/a/ bbb d
T $







Time b

Input 3 e
aa a b|b|b a
| $

Stack

a, l—a bha—> A

z,zez%gzﬁ—ﬁ




Time 6

Input
a aj/a/ bbb a <«
f $
Stack
a, 1L —a

CE’,1PZ>ZE£%£%1619



Input

a, 1L —a

CE’,1PZ>ZE£%£%1619




Input

a, l—a bha—> A

%§!5y1,2,>}5§é;2b,a:>2,




A string is accepted if there is
a computation such that:

All the input is consumed
AND
The last state is a final state

At the end of the computation,
we do not care about the stack contents
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The input string aaabbb
is accepted by the NPDA:

a,l—a bha—> A

Z,ﬁ—)i@b,aﬁﬂgl,$—>$




In general,

L={a"b" :n>0}

is the language accepted by the NPDA:

a,l—a bha—> A

Z,ﬂ—)i@b,a—)igl,$—>$




Another NPDA example

NPDA M
R
L(M) ={ww"}
a, A —a a,a— A
b, A >Db b,b— A

AV

1,$3—>% @



Execution Example: Time 0

Input
a blb|a
| -
Stack
a, L —a a,a—>A
b, A —>Db b b—> A4

A A A ‘2 $—-9% CE’



Time 1

Input
ad| b | b|a
T $
Stack
a,a—>A
b A—Db b b —> A

WE YN z,$—>$ (@) 30



Time 2

a
$
Stack
a,a—>A
b,b—> A




Time 3

Input
ajpjbja Guess the middle d
T of string $
Stack
a, L —a aa—>A
b, /1 —b b,b—> 1

m Ql$—>$ @

h [«—



Time 4




Time b

Input
alb| b|a
T §
Stack
a, l—a
b, L —>D bb—>/1

<§%i%),l,ﬂ,>,% <§;3;)11 $—-9% CE,



Time 6

Input
ad b|b|a
| §
Stack
a, A —a a,a—A
b, A —Db b,b—> 1

<:’:7 <:’:7 accept
A, A=A m‘



Rejection Example:  Time 0O

Input
a bbb
T §
Stack
a, A —a a,a—A
b, A —Db bb—>/1

A A A Z$—>$ @



Time 1

Input
a bbb
T $
Stack
a,a—A
b A—Db b b —> A

WE YN z,$—>$ (@) 37



Time 2




Time 3

Input
ajp|b|b Guess the middle d
T of string $
Stack
a, L —a aa—>A
b, /1 —b b,b—> 1

m Ql$—>$ @

h [«—



Time 4




Time b

Input There is no possible transition.
ai/b|b b| Inputisnot 3 e
T consumed $
Stack
a, l—>a aa—A
b, ﬂ/ —> b b’ b — l

H(@]A,z—m (@zzﬁ—ﬁ (@) 41



Another computation on same string:

Input Time O

al'b|b|b
| § [
a1 a o 8 Stack
b, —>b bb—>/1

A A A l$—>$ @



Time 1

Input
a bbb
T $
Stack
a,a—A
b A—Db b b —> A

WE YN z,$—>$ (@) 43



Time 2




Time 3

b
b
a
$
Stack
a,a—>A
b,b—> A




Time 4 b

b

b

a

$

Stack

a,a—>A
b,b—> A




Time 5 b

b

Input No final state .

a b|b|b| isreached 3

| $

Stack

a, L —a a,a—>A
b, /1 —Db bb—> A

m Ql$—>$ @



There is no computation
that accepts string abbb

abbb ¢ L(M)
a, 1l—a aa—>A
b, A —Db b,b—> 1

AV

4,359 ‘



A string is rejected if there is
no computation such that:

All the input is consumed
AND
The last state is a final state

At the end of the computation,
we do not care about the stack contents
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In other words, a string is rejected
if in every computation with this string:

The input cannot be consumed
OR

The input is consumed and the last
state is not a final state

OR

The stack head moves below the
bottom of the stack
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Another NPDA example
NPDA M

L(M) ={w: we{a,b},n_>n_ for any prefix of w}

a, A—a
b,a—> A
bh,$—> 1

o1



Execution Example:

Input

d

d

Time O

a, A—a
b,a—> A
bh,$—> 1

Stack
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Time 1
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Time 2
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—>

Time 3

a, A—a

b,$ > A

accept

Stack
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Rejection example:

Input

d

b

Time O

Stack
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Time 1

S7



Input

Time 2

a, A—a

b,$ > A

Stack
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Time 3
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Input

Time 4

a, A—a
b,a—> A
bh,$—> 1

Stack

Halt and Reject
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Pushing Strings

Input Pop
symbol symbol
@ a, b—->w
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Example:

input l

@a, b— cdf

stack

« TOP

&R0 5T

Push[>>

pushed

A D> | O

"~ string
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Another NPDA example
NPDA M

L(M) ={w: ng=ny}

3,$—>05 b $—o1%
a,0—->00 Db1l1-o11
a,l1—> A bh,0—> A

HQ 1,$—>9% »
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Execution Example:  Time O
Input

a b/ blala|b

2, 3—>0% b $->19
a,0—->00 Db1->11
a,1l->14 Db 0—>A

current
state ; 1,$—>%
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Time 1
Input

b, $—>1%
a,0—->00 Db1l1-o11
a,l1—> A bh,0—> A

1,595
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Time 3

Input
a'b|b blala
$ «—
,$—>0% b $—-1% Stack

a,0—->00 Db1l1-o11

a,l-> A4 4‘!'!'!'!’»
0 1,$—>9% 4‘!’,
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Time 4
Input

a'b|b/  blala
|

3,$—>0% b$—-1%
a,0->00 Db1l1-o11
a,l1—> A bh,0—> A

1,595
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Input

Time b

b

T

a,$— 0%
a,0— 00
a,l1—-> A

b,$—>1%
e

bh,0—> A

1,$—>9% 4‘!”



Input

Time 6

alb | b|b|a

T

,$—>0% b F—o1%
a, 000 Db1l1-o11

b, 0—> A

1,595
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Time /

Input

al'b|b|b|ala

T

,$—>0% b F—o1%
a, 000 Db1l1-o11

b, 0—> A

1,595
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Time 8

Input
al'b|b|b|ala
,$—>05 b $—o1% ol
A DA Stack

a,0—->00 Db1l1-o11
a,l1—> A bh,0—> A

accept
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Formalities for NPDAs
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@a, b—)W

Transition function:

0 (G, a,0) ={(d2, W)}
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a,b—>/W'

Transition function:

6(qp,a,b) ={(gz,w), (g3, w)}



Formal Definition

Non-Deterministic Pushdown Automaton
NPDA

M=(Q,X2T,8qy,2 F)

N Final
States / \s’ra’res
Input Stack
alphabet

Transition Tnitial start
Stack function symbol
alphabet state Y

75



Instantaneous Description

Current
state

AN

Remaining
input

Current
stack
contents
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Example:

Time 4.

Instantaneous Description

(g;,bbb, aaa$)

Input




Example: Instantaneous Description

(9,,bb,aa$)
Time 5: Input —{ a
alalalbl!blb a
T $
al—a ba—A Stack

z,z»z@@@zﬁ—ﬁ



We write:

(g;,bbb,aaa$) > (g,,bb,aa$)

Time 4 Time b
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A computation:

(qg,aaabbb,$) > (g;,aaabbb,$) >
(g;,aabbb, a$) - (g;,abbb,aa$) > (qg;,bbb,aaa$) -
(q2,bb,aad) > (gz,b,a3) > (02, 4,3) > (03, 4,9)

a, 1l—a bha—> A

ﬂ,ﬁ—)ﬂg b,aexlgﬂ,$—>$




(qg,aaabbb,$) > (g;,aaabbb,$) >
(g;,aabbb, a$) - (g;,abbb,aa$) > (qg;,bbb,aaa$) -
(q2,bb,aad) > (gz,b,a3) > (02, 4,3) > (03, 4,9)

For convenience we write:

(gg,aaabbb,$) > (s, 4,9)

81



Formal Definition

Language L(M) of NPDA M:

L(M)=w: (qg,W,s) > (df,4,8)}

S\

Initial state Final state
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Example:

(gg,aaabbb,$) > (g3,4,%)

|

aaabbb e L(M)

NPDA M:

a, l—a bha—> A

A,ﬂ—)ig b,a—>l@ﬁ,$—>$




(qg.a"b",$) > (03,4.$)

|

a'b" e L(M)
NPDA M:

a, l—a bha—> A

A,ﬂ—)lg b,a—>i@ﬁ,$—>$




Therefore:  L(M)={a"b" :n>0}

NPDA M.

a, 1L—a ba—> A

A,ﬂ—)ig b,a—>l@ﬁ,$—>$




