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Proof - step 1

Converting
Context-Free Grammars
to
NPDAs



We will convert any context-free grammar G

to an NPDA automaton M

Such that:

M Simulates leftmost derivations of G



Leftmost derivation

S—...... 30152...GKV1V2...Vm:>...
\ T\ _J
Input Stack
processed contents

leftmost variable

Simulation of derivation Stack
Vi
Input VA

02 e o @ Gk Gk"‘l e o @

| v
$




Leftmost derivation

G: S:>.........:>Glaz...6n
string of terminals
M - Simulation of derivation Stack
Input
011092 = oo e Opn $

end of input is reached

|




An example grammar: S — aSTb

S—b
T —>Ta
T oA

What is the equivalent NPDA?



Grammar:

S — aSThb

S b NPDA.
T=Ta 5, asTh

T o> A

A,S—>Db
A, T >Ta a,a—o>A
AT oA bb—o> A

4_@ A, A—>S o 1,$—>9%
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Grammar: g _s 3STh
S—b

T > Ta
T o> A

A leftmost derivation:

S = aSTh= abTh = abTab = abab
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Derivation:

Input fa | blalb

T

Time O

A1, S —aSThb $
ﬂ,,S—)b STC(Ck
A, T >Ta a,a—>A

AT oA bb—o> A

@I A, A—S 0 1,$3—>9
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Derivation: S
Input | a alb
| S
- A, S — aSTb $
ime

2’1 S —> b STC(Ck
A, T —>Ta a,a—>A
AT—> b,b > A

@@@ 4L$—9 _.



Derivation: S = aSTb

Input |a|plalb

|
e

A,S—>Db Stack
A, T —>Ta a,a—>A
AT oA b,b > A

P O —un| D

@ A, A—>S 0 1,$—>9%
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Derivation: S = aSTb
Input |a | b la b ? C
| b
e A, S — aSTb $
ime
2’1 S — b STC(Ck
LT Ta
AT > b,b—o> A
A, A—>S A,
@ 0 $—-9
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Derivation: S = aSTh= abTb

Input fa | blalb .tl). o
T b
- A1, S —>aSTb $
ime
Stack
A, T —>Ta a,a—>A

A,

—> A bb—o> A

@ A, A —>3S

0 1,59
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Derivation: S = aSTh= abTb

Input | a alb
o A, S —>aSTb
me 1S b
A, T >Ta

a,a—o>A

AT>A bboi

1,59
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Derivation: S = aSTh = abTb = abTab

Input fa | blalb -g o
T b
| A1, S —>aSTb $
Time 5 2.5 b Stack




Derivation: S = aSTh = abTbh = abTab = abab

Input |a|plalb 2
| b
A1, S —>aSTb $
Time 6

A,S—>Db Stack
A, T —>Ta a,a—>A

b,b— A

@ A, A —>S 0 4,$9—>9
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Derivation: S = aSTh = abTbh = abTab = abab

Input |a|plalb
| p
B A1, S —>aSTb $
ime
A,S—>Db Stack
e
AT oA b,b > A

@ A, A —>3S

0 1,59
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Derivation:

Input fa | blalb

A1, S —aSThb $ —
Time 8




Derivation:

Input fa | blalb

T

| A, S — aSTb $
Time 9 2.5 —b Stack
/1,“—>Ta a,a—>A
AT—> b,b > A
accept

g A @
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In general:

Given any grammar G
We can construct a NPDA M

with L(G)=L(M)
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Constructing NPDA M from grammar G :

For any production For any terminal
A—w /a
A, A—>W a,a—>A

@ A, A—>S o 1,$—>9%
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Grammar G generates string w
if and only if

NPDA M accepts W

!

L(G) = L(M)
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Therefore:

For any context-free language
there is a NPDA
that accepts the same language
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Proof - step 2

Converting

NPDAs
to
Context-Free Grammars

28



For any NP(DA M

we will construct

a context-free grammar G with

L(M) = L(G)
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Intuition: The grammar simulates the machine

A derivation in Grammar G :

terminals  variables
S=>...=abc...ABC...—>...—>abc...

N

Input processed Stack contents

Current configuration in NPDA M
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Some Necessary Modifications

Modify (if necessary) the NPDA so that:
1) The stack is never empty

2) It has a single final state
and empties the stack when it accepts a string

3) Has transitions in a special form

31



1) Modify the NPDA so that
the stack is never empty

Stack

OK OK NOT OK
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Introduce the new symbol # to denote
the bottom of the stack

a
— 3 — 3 -
L

— a
i — #
$ $ — $




At the beginning push # into the stack

Original NPD

new
initial state

4@1,1—)#

/

original
initial state
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In ftransitions:
replace every instance of $ with #

Example: @ a,$—>b
I
@ a, #—>Db
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Convert all transitions so that:

if the automaton attempts to pop
or replace $ it will halt
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Convert transitions as follows:
O, —>S
(g%

vx el —{$}

A, X — X @ o,&—>S

4




2) Modify the NPDA so that
it empties the stack
and has a unique final state

Empty the stack
A, X—> A Vxel -{$}

Old final states

38



3) modify the NPDA so that

transitions have the following forms:

]}

OR

@ a,B—)CD

B,C, D :stack symbols
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Convert:

KA

)

Vel —{$}




Convert:

symbols
N O, A—)B//
i

@G,A—)XB @ o, X >4

X eI —{$}




Convert: |

! |22// symbols
A — By

o,
Ui

Convert recursively

@ o, Aoy

@ o, X = BX

VX eI’ —{$}
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Example of a NPDA in correct form:

L(M)={w: ng =ny}
$:initial stack symbol

3,$—>05 b $—o1%
a,0—->00 Db1l1-o11
a,l1—> A bh,0—> A

G 1,5>1 »
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The Grammar Construction

In grammar G: Stack symbol

l

Variables:  (0;Bq;)

|/

states

Terminals:
Input symbols of NPDA
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For each transition

We add production

@a,B—nl

(0iBgj) —>a
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For each transition

@ a,B—>CD

We add productions

(9iBay ) — a(qCay )(aDay )

For all possible states Yk
in the automaton
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Stack bottom symbol

Start Variable:

l
(QO$Qf)

N

Start state

final state
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Example:

,$—>0% b F—o1%
a,0—->00 Db1l1-o11

b, 0 — A

1,3>1 »

Grammar production:

(dolgp) — a
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Example:

a,$— 0%

a,0—->00 Db1l1-o11
a,l—> A bh,0—> A

—*Q 1,5>1 »

Grammar productions:
(Go$do) — b(Ap1dp)(doSao) [b(dolat )(a+ $ap)

(do$as) — b(aglag)(apdqs ) |b(aplas )(as $q+ )




Example:

,$—>0% b $->1%
a,0—>00 b 111
a,l1-> A bh,0 > 1

HQ A8 D

Grammar production: (do$qs) — 4
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Resulting Grammar:  (do$0¢ ) :start variable

(Ao$dg) — b(aplag)(do$dp) [ b(dolas )(a $ag)
(do$as ) — b(dplag)(apdas ) [b(dplas )(as $q+ )

(do1ag) — b(dplap)(aplag) | b(dpla+ )(as1agp)
(dolas) — b(apldg)(dolas ) b(dplas )(asla+)

(Ao$dg) — a(dp0dp)(dg$dg) | a(dp0a+ )(a s $gp)
(qo$ar) — a(qp0ag)(do$a+ ) |a(dp0a+ )(as Sa+ )

o1



(400dg) — a(dp0dp)(ap0ag) | a(ag0a+ )(g¢ 0qp)
(d00af ) —> a(dp0dp)(do0as ) [a(ap0as )(ar 0qs )

(olgg) —a
(4p00qg) — b

(Qo$qs) > 4

52



Derivation of string  abba

(Qo%as) = a(ap0dg)(dpdas) =
ab(qp$qs) =
abb(qglag)(gp$qs ) =

abba(qp$q+) = abba
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In general:
(GiAQj)=w
if and only if

the NPDA goes from Ui to (;

by reading string W and

the stack doesn't change below A
and then A is removed from stack
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Therefore:

(Qodgs)=w

if and only if

W is accepted by the NPDA
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Therefore:

For any NPDA
there is a context-free grammar
that accepts the same language
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Deterministic PDA

DPDA



Deterministic PDA: DPDA

Allowed transitions:

@a,b—>w

@Z,b—)W@

(deterministic choices)
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Allowed transitions:

ow A Aoy A

@

a$‘ ﬂ%

(deterministic choices)
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Not allowed:

ow AR Aoy e

@

oo

a,b—>w2 a,b—>w2

(non deterministic choices)



DPDA example
L(M)={a"b" :n>0}

a, l—a bha—> A

a,iaagb,a—ﬂugﬁﬁ—ﬁ




The language L(M)={a"b" :n >0}

is deterministic context-free

62



Definition:

A language L is deterministic context-free
if there exists some DPDA that accepts it
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Example of Non-DPDA (NPDA)

R
L(M) ={ww"}

a, 1l—a a,a—>A
b, A —>b b,b—> A

AV

1,$3—>% @
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Not allowed in DPDAs
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NPDAs
Have More Power than

DPDAs



It holds that:

~

o

Deterministic
Context-Free . ( y

~
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Since every DPDA is also a NPDA
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We will actually show:

~
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We will show that there exists
a context-free language L which is not
accepted by any DPDA
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The language is:
L ={a"b"ru{a"h’M n>0

We will show:

- L is context-free

- L is not deterministic context-free
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L ={a"0"ru{a"b’™
Language L is context-free

Context-free grammar for L :
S—>$|S, fa"b"™rU{a"b?™

Sl —> aS]_b ‘ A {anbn}

82 —> aSbe | A {a”bzn}
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Theorem:

The language L :{anbn}u{aanH}

is not deterministic context-free

(there is no DPDA that accepts L)
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Proof: Assume for contradiction that
L={a"b"}u{a"b?"}

iIs deterministic context free

Therefore:

there isa DPDA M that accepts L

72



DPDA M with L(M)={a"b"tu{a"b’™

accepts a"b"

AN
a4 N
a”b” ‘ bn ‘
\ _/
N
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DPDA M with L(M)={a"b"tu{a"b’™

Such a path exists because of the determinism

M

a"p" b"
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Fact 1:  The language {a"b"c"}
is not context-free

Regular languages
a*b*

(we will prove this later using pumping
lemma for context-free languages)
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Fact 2:  The language Lu{a"b"c"}
is not context-free

(L={a"b"}u{a"b""})

(we can prove this using pumping lemma
for context-free languages)
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We will construct a NPDA that accepts:

Lu{a"b"c™
(L={a"b"}u{a"b"})

which is a contradiction!
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M

L(M)={a"b"}u{a"b’™

ap" o
OO AAD

Modify M

I\/I /

Replace b
with C

L(M")={a"c"}u{a"c™"}

ONAONO
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The NPDA that accepts L u{anbncn}

Connect final states of M’
with final states of M

M 4
a"c" : ch l:
A A
M
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Since L U{anbncn} is accepted by a NPDA

it is context-free

Contradiction!

(since L U{anbncn} is not context-free)

80



Therefore:

Not deterministic context free
L ={a"0"ru{a"b’™

There is no DPDA that accepts

End of Proof
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