Grammars



Grammars
Grammars express languages

Example: the English language

'sentence) — (noun _ phrase, ( predicate,
‘noun_ phrase) — (article, (noun,

. predicate) — (verb;



(article) — a
(article) — the

(noun) — cat
(noun) — dog

(verb) — runs
(verb) — walks



A derivation of "the dog walks":

(sentence) =

(
(

= (noun_ p

noun_p

nrase) (predicate)

)
nrase) (verb)
)

= (article) (noun) (verb,

m— |

m— |

m— |

ne (noun) (verb;
ne dog (verb,
ne dog walks



A derivation of "a cat runs”:

(sentence) = (noun_ phrase) ( predicate)

)
= (noun_ phrase, (verb)
— (article) (noun) (verb)
= a (noun) (verb)
—a cat (verb,
—a cat runs



Language of the grammar:

L ={ "a cat runs”,
“a cat walks”,
“the cat runs”,
"the cat walks”,
"a dog runs”,
"“a dog walks"”,
“the dog runs”,
“the dog walks" }



Notation

Production Rules

PN

(noun) — cat

(noun) — dog

7 N

Variable Terminal



Another Example
Grammar: S > aSh
S—>A4

Derivation of sentence ab:

S=aSh=ab

N

S —> aSb S—> A



Grammar: S — aSh
S > A

Derivation of sentence aabb :

S = aSh = aaSbb = aabb

WA

S —>asSh S—> A



Other derivations:

S = aSh — aaSbb — aaaSbbb — aaabbb

S = aSh = aaSbb = aaaSbhb
—> aaaaSbbbb — aaaabbbb
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Language of the grammar

S — aSh
S—> A

L={a"b" :n>0}
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More Notation
Grammar G=(V,T,S,P)
V. Set of variables

T Set of terminal symbols

S: Start variable

P: Set of Production rules
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Example

Grammar G : S — aSb
S—> A

7v$,s,P)

V ={S} T ={a,b}
P={S —>aSh, S— A1}



More Notation
Sentential Form:

A sentence that contains

variables and terminals

Example:

S = aSh — aaSbb — aaaSbbb = aaabbb

N

Sentential Forms

sentence
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*

We write: S — aaabbb

Instead of:

S = aSh — aaSbb — aaaSbbb — aaabbb
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*

In general we write: Wy, = W,

If: W = Wy = Wy = -+ = W,
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By default:

W = W
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Grammar

S — aSh
S—> A

Example

Derivations

*

S—=>A

*

S—=ab

*

S =aabb

*

S = aaabbb
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Grammar

S — aSh
S—> A

Example

Derivations

S =aaSbhb

aaSbh—= aaaaaSbhbbb
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Another Grammar Example
Grammar G: S —> Ab

A — aAb
A->A

Derivations:

S=Ab=b
S =Ab=aAbb =abb
S =Ab =aAbb =aaAbbb =aabbb
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More Derivations
S = Ab = aAbb = aaAbbb = aaaAbbbb
—> aaaaAbbbbb = aaaabbbhb

S — aaaabbbbb

S = aaaaaabbbbbbb

S=a"b"b
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Language of a Grammar

For a grammar G
with start variable S :

*

L(G)={w: S=w}

String of terminals
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Example
For grammar G: S — Ab

A — aAb
A>A

L(G)={a"b"b: n>0}

%k

Since: S=a"b"b
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A Convenient Notation

A — aAb
Ao A

‘article) > a
‘article) — the

m=)> A—>aAblA

) (article) — a|the
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Linear Grammars
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Linear Grammars

Grammars with
at most one variable at the right side
of a production

Examples: S — aShb S — ADb
S—>A A — aAb
A—>A

26



A Non-Linear Grammar

Grammar G: S >SS
S—> A
S —asSb
S —> bSa

L(G) =1w: ng(w) =ny (W)}
/

Number of @ in string W
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Another Linear Grammar

Grammar G © S — A
A—aB|A
B— Ab

L(G) ={a"b":n >0}
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Right-Linear Grammars

All productions have form:

Example: S — abS
S —>a

A — xB

or
A—o X

\

string of
terminals

29



Left-Linear Grammars

All productions have form:

Example: S — Aab
A— Aab|B

B—>a

A — BXx

or
A—o X

\

string of
terminals
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Regular Grammars
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Regular Grammars

A regular grammar is any
right-linear or left-linear grammar

Examples:
G, G,
S — abS S — Aab
S > a A — Aab ‘ B

B—>a
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Observation
Regular grammars generate regular languages

Examples: G,
S S — Aab
S — abS A— Aab|B
S —>a B—>a

L(G,) =(ab)*a L(G,) =aab(ab)*
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Regular Grammars
Generate
Regular Languages



Theorem

(Languages
Generated by

Regular Grammars
\_ 7

f

\.

Regular
Languages

7
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Theorem - Part 1

(Languages
Generated by

\

>g<

Regular Grammars
\_ 7

f

\.

Regular
Languages

Any regular grammar generates
a regular language

7
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Theorem - Part 2

(Languages
Generated by

\

>:_)<

Regular Grammars
\_ 7

f

\.

Regular
Languages

Any regular language is generated
by a regular grammar

7

37



Proof - Part 1

(Languages
Generated by

\

>g<

Regular Grammars
. 7

f

\.

Regular
Languages

The language L(G) generated by
any regular grammar (G is reqgular

7
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The case of Right-Linear Grammars

Let G be a right-linear grammar

We will prove: L(G) is regular

Proof idea: @ We will construct NFA M
with L(M) =L(G)
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Grammar G is right-linear

Example: S —aA|B
A —aa B
B—o>bB|a
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Construct NFA M such that
every state is a grammar variable:

(A §
,C) specia
final state
S—>aA|B
A—aabB
B—>bB|a
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Add edges for each production:

©

S > aA






S—>aA|lB
A—>aabB









S = aA— aaaB — aaabB — aaaba
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NFA M Grammar

@ G

S—>aA|lB
A—aaB

B—bB|a
A b a

L(M) =L(G) =
aaab*a+b*a

48



In General

A right-linear grammar G

has variables: Vg,V1,Vo,...

and productions:

Vi > qa-

or

Vi > qa-

..am
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We construct the NFA M such that:

each variable Vj corresponds to a node:

W

o
@ special

final state
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For each production: Vi — &jap - -amV;

we add transitions and intermediate nodes

@al.@ﬁ.g_. ......... M

o1



For each production: V; = aqay---ay

we add transitions and intermediate nodes

@al.@i.@ ......... am
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Resulting NFA M looks like this:

It holds that: L(G)=L(M)
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The case of Left-Linear Grammars

Let G be aleft-linear grammar

We will prove:  L(G) is regular

Proof idea:
We will construct a right-linear

grammar G" with L(G) = L(G')R
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Since G is left-linear grammar
the productions look like:

A — Baja,---aqy

A— aqa,---a
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Construct right-linear grammar G’

LefT G

linear

Right
linear

G’

A — Baa,---a
A— Bv

!

A—>a

AoV

" .azalB

B
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Construct right-linear grammar G’

Left G

linear

Right
linear

Gl

A— aay---aqy

A—>vV

!

A—>a -y

AoV

S7



I't is easy to see that: L(G) = L(G’)R

Since G’ is right-linear, we have:

L(G) =wmp L(G)" =mp L(G)

Regular Regular Regular
Language Language Language
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Proof - Part 2

(Languages
Generated by

Any regular language L

\

>:_)<

Regular Grammars
\_ 7

f

by some regular grammar G

\.

Regular
Languages

IS generated

7
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Any regular language L is generated
by some regular grammar G

Proof idea:
Let M be the NFA with L=L(M).

Construct from M a regular grammar G
such that L(M)=L(G)
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Since L is regular
there isan NFA' M such that L=L(M)

b

Example: M Q
a

—(a) R A
) b
L =ab*ab(b*ab)*

L=L(M)
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Convert M to aright-linear grammar

62









Go — ath
th — bgy
h —ady
dp — baz

3 > 01
q:g—)/l

L(G)=L(M)=L
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In General

For any transition: @ 2 @

Add production: q—ap

7N

variable terminal variable
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For any final state:

Add production:

oF —> A
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Since G

G

is right-linear grammar

is also a regular grammar

with  L(G)=L(M)=L
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The End
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