The Pumping Lemma
for
Context-Free Languages



Take an infinite context-free language

"

Generates an infinite number
of different strings

Example: S — AB
A — aBb
B — Sb
B—->b



S—> AB
A — aBb
B—Sb

B-—sb In a derivation of a long string,
variables are repeated

A derivation:

S = AB = aBbB = abbB

—> abbSh = abbABb = abbaBbBb =
—> abbabbBb = abbabbbb
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DerlvaflonAW;@

?\
Siv
// ] \
Al ® b O
epeated — (b



B—=Sbh—= ABb=

— aBbBb = aBbbb /@/ I
/@\ ©
OHCROING
) b

B—aBbbb B=D



Repeated Part

AP
e

@ \@

*

B—=aBbbb




Another possible

derivation from B /@ (b)
3— aBbbb sy \I
O CRONG

K |

/@ (b)
A
@ ® b ©®

x x

B = aBbbb—=>aaBbbbbbb




/@ O
* B
B=>aBbbb o7& 3,

/ AN

|

®

//@(@
@ ® & ©

x* x

B =(a)B(bbb)=>(a)? B(bbb)?




* A»\

S = abbBb 8
?a @/ 0\® /@
B— aBbbb \o

@/
B=Db

1 o \I

S:>abb(a)B(bbb):>abb(a) 2 B(bbb)?

10



x*

B = aBbhb

/®\
5= abbBh @/E\@D /@/ Y

olf i@\

B=Db

@

K

*

)
e
@ O
(b

*

S = abb(a)? B(bbb)? = abb(a)?b(bbb)?

11



x* x

S=abbBbh B=aBbbb B=Db

S = abb(a)?b(bbb)?

!

abb(a)?b(bbb)? € L(G)
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x* x

S=abbBbh B=aBbbb B=Db

S — abb(a)>b(bbb)°

!

abb(a)>b(bbb)? € L(G)



In General:

x* x

S=abbBbh B=aBbbb B=Db
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S =abb(a)'b(bbb)’
|

abb(a)'b(bbb) € L(G) >0



Consider now an infinite
context-free language L

Let G be the grammar of L —{A}

Take G so that It has no unit-productions
no A-productions
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Let P= (Number of productions) X

(Largest right side of a production,
let it be f)

let M=p+1

Example G: S — AB

A — aBb
B —s Sh m=p+1=13

B—-b

p=4x3=12
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Take a string We L(G)
with length | W|[>m

We will show:
in the derivation of W
a variable of G is repeated
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S—=>WwW

Vi=Vy)y=: =V —=>W

S=V1

20



V=V ==V =W

‘ Via ‘<‘ V. ‘ +f < maximum right hand side

1 of any production

|wi<k- f

!

m<w|<k-f mm)p p<k-f
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V= Vp = =V =W

p<k-f

!

k > P ) Number of productions

f In grammar
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Vi=Vy)y=: =V —=>W

k >~ Number of productions
In grammar

: |

Some production must be repeated
Vi == aAdy =>---=>azAag == W

/ S —> rl
Repeated
variable B —r>
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we L(G) | W|=>m
Derivation of string W

S ayhAay == az3hAyy = =W

Some variable is repeated
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Derivation tree of string W

U /

Last repeated variable

repeated

W = UVXYZ

u,v,X,V,7Z:
Strings of terminals
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Possible
derivations: u Z

kK

S=UAZ

%k

A=VAy

K

A= X




We know:

kK

S =UAZ A=VAy

This string is also generated:

sk x*

S = UAZ = UXZ

uv'xy°z

A= X
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We know:

kK

S = UAZ A=VAy A= X

This string is also generated:

% x x*

S =UAZ = UVAyzZ = UVXyZ

The original W = uleylz
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We know:
%

S = UAz A=VAyY A= X

This string is also generated:

% x x x

S = UAZ = UVAYZ = UVVAYYZ = UVVXYYZ

UV xy*z
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We know:
%

S = UAz A=VAyY A= X

This string is also generated:

S =UAZ = UvVAyz = UwAyyz=
—> UVVWAYYYZ=> UVVVXYYYZ

uvSxy°z
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We know:
%k Xk

"
S = UAz A=VAyY A= X
This string is also generated:

S 5 uAz = uvAyz = uwAyyz =

s uvwAYYZ S

 UVWV---VAY--- yyyz =

S UVWV- - VXY - - YYYZ

uv'xy'z
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Therefore, any string of the form
uv' xyi Z 1>0

IS generated by the grammar G
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Therefore,

knowing that  uvxyz € L(G)

we also know that uvixyiz e L(G)

L(G) = L{z}l

uvixyiz e L
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X

Observation: |VXy| < m

Since A is the last repeated variable
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X

Observation: |vy| > 1

Since there are no unit or A-productions
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The Pumping Lemma:
For infinite context-free language L

there exists an infeger M such that
forany string wel, |w[>m
we can write W =UVXYZ

with lengths |vxy|<m and |vy[>1

and it must be:

uvixyiz elL, forall 1>0
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Applications

of
The Pumping Lemma



Non-context free languages

fa"b"c":n>0}

Context-free languages

fa"n" :n>0}
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Theorem: The language
L={a"b"c" :n>0}
is not context free

Proof:  Use the Pumping Lemma
for context-free languages
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L={a"b"c" :n>0}

Assume for contradiction that L

Is context-free

Since L is context-free and infinite
we can apply the pumping lemma
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L={a"b"c" :n>0}

Pumping Lemma gives a magic humber M
such that:

Pick any string We L with length |W[=m
MMM

We pick: W=a
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L={a"b"c" :n>0}

W=a

We can write: W =UVXYZ

with lengths |VXY|<m

mmem

and |Vvy =1
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L={a"b"c" :n>0}

w=ampMcM

W = UVXYZ | vXy|<m

Pumping Lemma says:

uvixyiz eL forall

vy =1

1>0
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L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

We examine all the possible locations
of string VXY in W
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L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 1: VXY iswithin a™

m m m

[ AY4 Y4 A
aaa...aaa bbb...bbb ccc...ccc
LYJK A /
Y Y
u vxy i




L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 1: V and Y consist from only a

m m m

[ AY4 Y4 A
aaa...aaa bbb...bbb ccc...ccc
LYJK N\ %
Y v
u vxy 7
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L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 1: Repeating V and ¥

k>1

m+ Kk m m
aaaaaa aaaaaa bbb bbb CCC.. ccc
LYJK 2\/ 9 I

VoXY L
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L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 1:From Pumping Lemma: uv2xy22 e L

k>1

m+ Kk m m
aaaaaa aaaaaa bbb bbb CCC.. ccc
LYJ\ 2\/ 9 I

VoXY L
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L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 1:From Pumping Lemma: uv2xy22 e L
k>1

However: Uv2xy?z =a™*pMc™ ¢ L

Contradictionlll
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L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 2: VXY is within ol

m m m
N °
aaa .aaa bgp bbb ccc.. ccc




L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 2: Similar analysis with case 1

m m m
N °
aaa .aaa bgp bbb ccc.. ccc

o1



L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 3: VXY iswithin C"

m m m
aaa aaa bbb bbb ccC.. ccc

T vy b




L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 3: Similar analysis with case 1

m m m
aaa aaa bbb bbb ccc.. ccc

L DAt

u VXY Z

53



L={a"b"c" :n>0}
w=a"b™c™
W = UVXYZ |vXy [<m vy > 1
Case 4: VXY overlaps a™ and b™

M

M

M

aaa aaa bbb bbb CCC.. ccc

\_YJ\

JIN

y
VXY
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L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 4: Possibility 1: V contains only a
Y contains only b

m m m

aaa aaa bbb bbb CCC.. ccc
LVJ\ v Jk
VXY
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L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 4: Possibility 1: V contains only a
Ky + Koy >1 Y contains only b

M + k4 m+ K- m

aaa aaaaaaa bbbbbbb bbb CCC.. ccc

\_H\ - N
2" 9 7
VoXY
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L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 4: From Pumping Lemma: UVZXyZZ e L

k]_ + k2 >1]

M + k4 m+ K- m
aaa aaaaaaa bbbbbbb bbb CCC.. ccc
LH\ N I\

2" 2

VoXY L
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L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 4: From Pumping Lemma: uv2xy22 e L
k]_ + k2 >1]

However: uv2xy22 — aMiapMtkacm o |

Contradictionlll
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L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 4: Possibility 2: V contains a and b
Y contains only b

m m m

aaa aaa bbb bbb CCC.. ccc
LVJ\ v Jk
VXY
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L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 4: Possibility 2: V contains a and b

ki + Ko +k >1 Y contains only b
m K1 ﬁg/ m + K m \
aaa aaaaaiobaabb bbbbbbb bbb ccc...ccc
LH\ AV o

v2xy?

60



L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 4: From Pumping Lemma: UVZXyZZ e L

ki +Ko +k >1
m < (Kg/ m + K m \
aaa aaaaabbaabb bbbbbbb bbb ccc...ccc
o ~ :

V2xy2
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L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 4: From Pumping Lemma: UVZXyZZ e L

However: ki +Ko +k >1

uv?xy?z = a™pa 2™ Ke™ ¢

Contradictionlll
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L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 4: Possibility 3: V contains only a
Y contains @ and b

m m m

aaa aaa bbb bbb CCC.. ccc
LVJ\ v Jk
VXY
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L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 4: Possibility 3: V contains only a
Y contains @ and b

Similar analysis with Possibility 2

64



L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 5: VXY overlaps b™ and c™

m m m
[ AYA Y4 A
aaa...aaa bbbh...bbb ccc...ccc
\_ 2N J

U Xy 1




L={a"b"c" :n>0}
w=a"b"c"
W = UVXYZ |vXy [<m vy > 1

Case 5: Similar analysis with case 4

m m m
[ AYA Y4 A
aaa...aaa bbbh...bbb ccc...ccc
\_ 2N J

U Xy 1
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There are no other cases to consider

(since |VXy|[£m , string VXY cannot

overlap am, bMand ¢ at the same time)
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In all cases we obtained a contradiction

Therefore:  The original assumption that
L={a"b"c":n>0}

is context-free must be wrong

Conclusion: L is not context-free
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