More Applications

of
The Pumping Lemma



The Pumping Lemma:
For infinite context-free language L

there exists an infeger M such that
forany string wel, |w[>m
we can write W =UVXYZ

with lengths |vxy|<m and |vy[>1

and it must be:

uvixyiz elL, forall 1>0



Non-context free languages

{a"b"c" :n>0} fw:ve{a,b}}

Context-free languages

fa"m":n>0  fww"iwefa,b}*}



Theorem: The language
L={w:.ve{ab}*}

is ot context free

Proof:  Use the Pumping Lemma
for context-free languages



L ={w:.ve{a,b}*}

Assume for contradiction that L

Is context-free

Since L is context-free and infinite
we can apply the pumping lemma



L ={w:.ve{a,b}*}

Pumping Lemma gives a magic humber M
such that:

Pick any string of L with length at least M

we pick: a"b™a™b™ eL



L ={w:.ve{a,b}*}

We can write: a"'b™a"b™ = uvxyz

with lengths |VXY[<mM and |VYy[=1

Pumping Lemma says:

wW'xy'z el foral i>0



L ={w:.ve{a,b}*}

a"bMa™™ =uvxyz  |vxy|<m |vy[>1

We examine all the possible locations
of string vxy in a"b"amp™



L ={w:.ve{a,b}*}

a"bMa™™ =uvxyz  |vxy|<m |vy[>1

Case 1: VXY is within the first a

v=ak y:ak2 ki +Kko >1
m m m m

[ A4 N\ ) )

a.... ab.... ba..... af) ...... b




L ={w:.ve{a,b}*}

a"bMa™™ =uvxyz  |vxy|<m |vy[>1

Case 1: VXY is within the first a

v=ak y:ak2 ki +Kko >1
m-|-k1+k7 m m m
4 - WA N\ A4 )
|a'i""'i"| ...... Iab ...... ba...... ab.... bI
g T2 2 7 |
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L ={w:.ve{a,b}*}

a"bMa™™M =uvxyz  |vxy|<m |vy[>1

Case 1: VXY is within the first a

m+kq+Ko HMgqMpm

a = uvzxyzz ¢ L

k1+k2 >1

11



L ={w:.ve{a,b}*}

a"bMa™™ =uvxyz  |vxy|<m |vy[>1

Case 1: VXY is within the first a

m+k1+k2 bmambm _ UVZXyZZ &z L

a
| 2D
However, from Pumping Lemma: UV~ XY~Z e L

Contradictionl!l
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L ={w:ve{ab}*}
a"bMa™™ =uvxyz  |vxy|<m |vy[>1

Case 2: V isinthe first a™
V isin the first b™

V:ak1 y=bk2 k1+k2 >1
m m m m

[ A4 A4 \ \

a...... ab..... ba...... af) ...... b

13



L ={w:ve{ab}*}
a"bMa™™ =uvxyz  |vxy|<m |vy[>1

Case 2: V isinthe first a™
V isin the first b™

V:ak1 y=bk2 k1+k221
) m + Ky o m + K, . m \ m \
> (U ab...... ba...... af) ...... b
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L ={w:ve{ab}*}
a"bMa™™ =uvxyz  |vxy|<m |vy[>1

Case 2: V isinthe first a™
V isin the first b™

am+k1bm+k2ambm _ UVZXyZZ z L

k1+k2 >1
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L ={w:ve{ab}*}
a"bMa™™ =uvxyz  |vxy|<m |vy[>1

Case 2: V isinthe first a™
V isin the first b™

am+k1bm+k2ambm _ UVZXyZZ z L

However, from Pumping Lemma: uv2xy22 e L

Contradictionl!l

16



L ={w:ve{ab}*}
a"bMa™™ =uvxyz  |vxy|<m |vy[>1

Case 3: V overlaps the first a"b
Y isin the first b

V=ak1bk2 y=bk3 kl,kz >1]
m m m m
[ A4 A4 \ \
a...... ab..... ba...... af) ...... b
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L ={w:ve{ab}*}
a"bMa™™ =uvxyz  |vxy|<m |vy[>1

Case 3: V overlaps the first a"b

V isin the first b™

v =a"h*? y = b3




L ={w:ve{ab}*}
a"bMa™™ =uvxyz  |vxy|<m |vy[>1

Case 3: V overlaps the first a"b™

V isin the first b™

aMb 2 ™ 3aMp™ — uv?xy?z ¢ L

ki, Ky >1

19



L ={w:ve{ab}*}
abMamb™ =uvxyz  |vxy|<m

Case 3: V overlaps the first a"b
Y isin the first b

m

vy =1

a™b 22 1p3aMp™ = uv?xy?z ¢ L

However, from Pumping Lemma: uv2xy22 e L

Contradictionl!l
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L ={w:ve{ab}*}
a"bMa™™ =uvxyz  |vxy|<m |vy[>1

Case 4: V inthe first "
Y Overlaps the first a"b™

Analysis is similar to case 3

m m m m
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Other cases:  vxy s within aambm

ambmamk m

or

amphMaMp™

Analysis is similar to case 1.

a

m

b™amp™
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More cases: VXY overlaps arrrbmambm

or

amp™

amp™

Analysis is similar to cases 2,3,4:

amphMaMp™
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There are no other cases to consider

Since |[vXy|<m, it is impossible

VXY to overlap:

ambmambm

nor

amphMaMp™

nor

amphMaMp™
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In all cases we obtained a contradiction

Therefore:  The original assumption that

L ={w:.ve{a,b}*}

is context-free must be wrong

Conclusion: L is not context-free
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Non-context free languages

{fww:we{a,b}}
fa™:n> 0}

fa"b"c":n>0}

fa"n" :n>0}

Context-free languages

fww® we{a, b}*}
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Theorem: The language

L={a™:n>0}
is hot context free

Proof:  Use the Pumping Lemma
for context-free languages
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L={a™:n>0}

Assume for contradiction that L

Is context-free

Since L is context-free and infinite
we can apply the pumping lemma
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L={a™:n>0}

Pumping Lemma gives a magic humber M
such that:

Pick any string of L with length at least M

we pick: a™ eL
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m|

We can write: a = =UVXYZ

with lengths |VXy|<m

Pumping Lemma says:

and |Vvy =1

uvixyiz eL foral 120
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L={a™:n>0}

a™ = uvxyz lvxyl<m  |vwy[>1

We examine all the poss|ib|e locations
of string vxy in a'-

There is only one case to consider
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L={a™:n>0}

|
a'" = Uuvxyz lvxylm vy [>1
m!
4 A
Ao, a
u'vix 'y'z
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L={a™:n>0}

|
a™ = uvxyz [vxy [<m
MKk, + K-
- ' N
Qe a
2
u'2 x ! y2

vy =1
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L={a™:n>0}

m|

vy =1

a = Uuvxyz | vXy |<m
ml+k
- N
= S a
2
u' 2 X y2 Z
_ K1 _ aK2 <k <
V=a y=a 1<k<m
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L={a™:n>0}

|
a™ = uvxyz

a

| vXy [<m

|
ml+k _ UVZXyZZ

1<k<m

vy =1
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Since 1<k <m, for m>2 we have:

m+k < mH+m
< m+mim
= m!(1+ m)
=(m+1)!

!

ml< m+k <(m+1)!
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L={a™:n>0}

m!
a = UuvXyz | vXy|<m

mli< m+k <(m+1)!

ml+Kk

a = uvzxyzz Z L

vy =1
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L={a"™:n>0}

a™ = uvxyz lvxyl<m  |vwy[>1

However, from Pumping Lemma: uv2xy22 e L

a™k —uv?xy?z ¢l

Contradictionl!l
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We obtained a contradiction

Therefore:

Conclusion:

The original assumption that
L={a™:n>0}

is context-free must be wrong

. is not context-free
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Non-context free languages

fa"b"c" :n>0} {ww:we{a,b}}

{a”zbn 'n >0} {a™ :n>0}

Context-free languages

fa""n>0r  fww" iwe{a,b}*}
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Theorem: The language
2
L={a" b":n>0}

is ot context free

Proof:  Use the Pumping Lemma
for context-free languages
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2
L={a" b":n>0}

Assume for contradiction that L

Is context-free

Since L is context-free and infinite
we can apply the pumping lemma
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2
L={a" b":n>0}

Pumping Lemma gives a magic humber M
such that:

Pick any string of L with length at least M

we pick:  a™ b™ eL
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2
L={a" b":n>0}

2
We can write: am b"

with lengths |VXy|<m

Pumping Lemma says:

= UVXYZ

and |Vvy =1

uvixyiz eL foral 120
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2
L={a" b":n>0}

= UVXYZ lvxy|<Km  |vy|>1

2
a™ pm

We examine all the possible locations

2
of string VXY in a™ b
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2
L={a" b":n>0}

= UVXYZ lvxyl<m  |vy[21

2
a™ pm

Most complicated case: V isin a

y isin b™
m2 m
a N/, h
> DT ab...... b
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a

2
L={a" b":n>0}

2
T p™ = uvxyz [Vxy |<m
a y =b*?
m? m
4 N\, A
A e r'abi"']'b|
| U | Vl X |y|Z|

vy =1
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2
L={a" b":n>0}

= UVXYZ lvxyl<m  |vy[21

2
a™ pm

Most complicated sub-case: ki # 0 and ko =0

v=a  y=bX 1<Ky +k, <m
m? m
a N/, )
- TR ab.... b
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2
L={a" b":n>0}

= UVXYZ lvxyl<m  |vy[21

2
a™ pm

Most complicated sub-case: ki # 0 and ko =0

v=al  y=bX2 1<k +ky <m

m2—k1_ M= k2
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2
L={a" b":n>0}

= UVXYZ lvxyl<m  |vy[21

2
a™ p"
Most complicated sub-case: ki # 0 and ko =0

v=al  y=bX2 1<k +ky <m

2
aMm —klbm—kz ZUVOXyOZ
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ki #0 and k, =0 1<k;+ky, <m

(M—kq)? < (m—1)2
—m?—2m+1
< m2 —_ kl

—ky = (m—ky)*

o1



2
L={a" b":n>0}

= UVXYZ lvxyl<m  |vy[21

2
a™ pm

m? —ky = (m—k,)?

2
am pm=*2 — OO0z L
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2
L={a" b":n>0}

= UVXYZ lvxyl<m  |vy[21

2
a™ pm

However, from Pumping Lemma: UVOXyOZ e L

m2—k1bm—k2

a = quxyOz ¢ L

Contradictionlll
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When we examine the rest of the cases
we also obtain a contradiction
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In all cases we obtained a contradiction

Therefore:  The original assumption that
n%,.n
L={a b :n>0}

is context-free must be wrong

Conclusion: L is not context-free
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